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NUMERICAL INVESTIGATION ON WEAK GALERKIN FINITE
ELEMENTS
XIU YE∗ AND SHANGYOU ZHANG†
Abstract. The weak Galerkin (WG) finite element method is an effective and flexible general
numerical technique for solving partial differential equations. The novel idea of weak Galerkin finite
element methods is on the use of weak functions and their weak derivatives defined as distributions.
Weak functions and weak derivatives can be approximated by polynomials with various degrees.
Different combination of polynomial spaces generates different weak Galerkin finite elements. The
purpose of this paper is to study stability, convergence and supercloseness of different WG elements
by providing many numerical experiments recorded in 31 tables. These tables serve two purposes.
First it provides a detail guide of the performance of different WG elements. Second, the information
in the tables opens new research territory why some WG elements outperform others.
Key words. weak Galerkin, finite element methods, weak gradient, second-order elliptic prob-
lems, stabilizer free.
AMS subject classifications. Primary: 65N15, 65N30; Secondary: 35J50
1. Introduction. For simplicity, we demonstrate the idea by using the second
order elliptic problem that seeks an unknown function u satisfying
−∇ · (∇u) = f in Ω,(1.1)
u = g on ∂Ω,(1.2)
where Ω is a polytopal domain in R2.
The weak form of the problem (1.1)-(1.2) is to find u ∈ H1(Ω) such that u = g
on ∂Ω and satisfies
(∇u,∇v) = (f, v) ∀v ∈ H10 (Ω).(1.3)
The weak Galerkin finite element method is an effective and flexible numerical
technique for solving partial differential equations. It is a natural extension of the
standard Galerkin finite element method where classical derivatives were substituted
by weakly defined derivatives on functions with discontinuity. The WG method was
first introduced in [17, 18] and then has been applied to solve various PDEs such as
second order elliptic equations, biharmonic equations, Stokes equations, Navier-Stokes
equations, Brinkman equations, parabolic equations, Helmholtz equation, convection
dominant problems, hyperbolic equations, and Maxwell’s equations [4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 19].
The main idea of weak Galerkin finite element methods is the use of weak functions
and their corresponding weak derivatives. For the second order elliptic equation, weak
functions have the form of v = {v0, vb} with v = v0 inside of each element and v = vb
on the boundary of the element. Both v0 and vb can be approximated by polynomials
in Pℓ(T ) and Ps(e) respectively, where T stands for an element and e the edge or
face of T , ℓ and s are non-negative integers with possibly different values. Weak
derivatives are defined for weak functions in the sense of distributions. Denote by
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2Gm(T ) the vector space for weak gradient. Typical choices for Gm(T ) are [Pm(T )]
d
or RTm(T ). Various combination of (Pℓ(T ), Ps(e), Gm(T )) leads to different weak
Galerkin methods tailored for specific partial differential equations.
Weak Galerkin finite element methods have two forms for the problem (1.1)-(1.2).
One is its standard formulation [11, 17]: find uh ∈ Vh such that uh = Qbg on ∂Ω and
satisfies
(∇wuh,∇wv) + s(uh, v) = (f, v) ∀v ∈ V
0
h ,(1.4)
where s(·, ·) is a parameter independent stabilizer. Another one is WG stabilizer free
formulation [1, 20, 21]: find uh ∈ Vh such that uh = Qbg on ∂Ω and satisfies
(∇wuh,∇wv) = (f, v) ∀v ∈ V
0
h .(1.5)
Removing stabilizers simplifies the formulations and reduces programming complexity.
A stabilizer free WG method can be obtained by raising the degree of polynomial m
for approximating weak gradient in the WG element (Pℓ(T ), Ps(e), Gm(T )).
The purpose of this paper is to investigate the performance of different WG
elements computationally in the weak Galerkin finite element methods with or without
stabilizers. Like a periodic table, we provide 31 tables that are informative and clearly
demonstrate special properties of each WG element. We don’t have all the theoretical
answers for many interesting phenomena shown in the tables and we leave them for
interesting readers.
While preparing this manuscript, three papers are in the process to answer some
questions from the numerical results in the tables. We are close to prove theoretically
that the WG element (Pk(T ), Pk(e), [Pk+1]
2) has two orders of supercloseness in both
energy norm and L2 norm on rectangular meshes, shown in Table 3.3. It is proved
in [2] that the WG element (Pk(T ), Pk+1(e), [Pk+1]
2) has two orders of supercloseness
in both energy norm and L2 norm, on general triangular meshes in Table 6.3. Due
to the bad behavior of the WG element (Pk(T ), Pk−1(e), [Pk+1]
2) shown in Table 7.3
and 8.3, a new definition of the weak gradient is introduced in [22] so that the element
can still converge in optimal order on general polytopal meshes.
The WG methods are designed for using discontinuous approximations on general
polytopal meshes. Due to limited space, we only consider the finite element partitions
including rectangles and triangles.
2. Weak Galerkin Finite Element formulations. Let Th be a partition of
the domain Ω consisting of rectangles or triangles. Denote by Eh the set of all edges
in Th, and let E
0
h = Eh\∂Ω be the set of all interior edges or flat faces. For every
element T ∈ Th, we denote by hT its diameter and mesh size h = maxT∈Th hT for Th.
Let Pk(T ) consist all the polynomials defined on T of degree less or equal to k.
Definition 1. For T ∈ Th and ℓ, s ≥ 0, define a local WG element Wℓ,s(T ) as,
(2.1) Wℓ,s(T ) = {v = {v0, vb} : v0|T ∈ Pℓ(T ), vb|e ∈ Ps(e), e ⊂ ∂T}.
Definition 2. For any v = {v0, vb} ∈ Wℓ,s(T ), a weak gradient ∇wv ∈ Gm(T )
is defined as a unique solution of the following equation
(2.2) (∇wv,q)T = −(v0,∇ · q)T + 〈vb,q · n〉∂T ∀q ∈ Gm(T ).
A typical choice of Gm(T ) is [Pm(T )]
d, or RTm(T ). Different combinations of (ℓ, s,m)
associated with a WG element Wℓ,s(T )/Gm(T ) leads to different weak Galerkin finite
3element formulations. The weak gradient ∇w defined in (2.2) is an approximation of
∇ that is computed on each element T .
Remark 1. Please note that the space Gm(T ) is used to calculated weak gradient
and does not introduce additional degrees of freedom to the resulting linear system.
Definition 3. Define a WG finite element space Vh associated with Th as follows
(2.3) Vh = {v = {v0, vb} : v|T ∈Wℓ,s(T ), ∀T ∈ Th}.
We would like to emphasize that any function v ∈ Vh has a single value vb on each
edge e ∈ Eh. The subspace of Vh consisting of functions with vanishing boundary
value is denoted as V 0h .
Let Q0 and Qb be the two element-wise defined L
2 projections onto Pℓ(T ) and
Ps(e) on each T ∈ Th, respectively. Define Qhu = {Q0u,Qbu} ∈ Vh. Let Qh be the
element-wise defined L2 projection onto Gm(T ) on each element T ∈ Th.
For simplicity, we adopt the following notations,
(v, w)Th =
∑
T∈Th
(v, w)T =
∑
T∈Th
∫
T
vwdx,
〈v, w〉∂Th =
∑
T∈Th
〈v, w〉∂T =
∑
T∈Th
∫
∂T
vwds.
Weak Galerkin Algorithm 1. A numerical approximation for (1.1)-(1.2)
can be obtained by seeking uh = {u0, ub} ∈ Vh satisfying ub = Qbg on ∂Ω and the
following equation:
(2.4) (∇wuh,∇wv)Th + s(uh, v) = (f, v0) ∀v = {v0, vb} ∈ V
0
h ,
where the stabilizer s(·, ·) is defined as
(2.5) s(uh, v) =
∑
T∈Th
hjT 〈Qbu0 − ub, Qbv0 − vb〉∂T .
Let j = ∞ in (2.5), we mean s(uh, v) = 0, i.e., we have the following stabilizer-free
WG formulation,
(2.6) (∇wuh,∇wv)Th = (f, v0) ∀v = {v0, vb} ∈ V
0
h .
In the following sections, we will conduct extensive numerical tests to study the
performance of different WG elements and record the results in 31 tables. In all the
tables below, j = ∞ refers to the stabilizer free WG formulation (2.6), where j is
defined in (2.5).
3. The WG elements with ℓ = s on rectangular mesh. Next we will study
convergence rate for the WG element (Pℓ(T ), Ps(e), Gm(T )) with ℓ = s on rectangular
meshes. The rectangular meshes used in the computation are illustrated in Figure
3.1.
4Fig. 3.1. The first three level rectangular grids.
Table 3.1 demonstrates the convergence rates for (Pk(T ), Pk(e), [Pk−1(T )]
2) with
a stabilizer of different j defined in (2.5) on rectangular mesh.
Table 3.1
Element (Pk(T ), Pk(e), [Pk−1(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) [Pk−1(T )]
2 j r1 r2 Proved
3.1.1 −1 1 2 Yes
3.1.2 0 0.5 1 No
3.1.3 P1(T ) P1(e) [P0(T )]
2 1 0 0 No
3.1.4 ∞ −∞ −∞ No
3.1.5 −1 2 3 Yes
3.1.6 0 1.5 2 No
3.1.7 P2(T ) P2(e) [P1(T )]
2 1 1 1 No
3.1.8 ∞ −∞ −∞ No
3.1.9 −1 3 4 Yes
3.1.10 0 2.5 3 No
3.1.11 P3(T ) P3(e) [P2(T )]
2 1 2 2 No
3.1.12 ∞ −∞ −∞ No
Table 3.2 demonstrates the convergence rates for (Pk(T ), Pk(e), [Pk(T )]
2) with a
stabilizer of different j on rectangular mesh.
Table 3.2
Element (Pk(T ), Pk(e), [Pk(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) [Pk(T )]
2 j r1 r2 Proved
3.2.1 −1 0 0 No
3.2.2 0 0.5 1 No
3.2.3 P0(T ) P0(e) [P0(T )]
2 1 0 0 No
3.2.4 ∞ −∞ −∞ No
3.2.5 −1 1 2 No
3.2.6 0 1.5 2 No
3.2.7 P1(T ) P1(e) [P1(T )]
2 1 1 1 No
3.2.8 ∞ −∞ −∞ No
3.2.9 −1 2 3 No
3.2.10 0 2.5 3 No
3.2.11 P2(T ) P2(e) [P2(T )]
2 1 2 2 No
3.2.12 ∞ −∞ −∞ No
5Remark 2. Theorem 4.9 in [16] guarantees the optimal convergence rate of the
WG element 3.2.5 in the ||| · ||| norm. However the optimal convergence rate in the L2
norm is not proved in [16]. Therefore, we still mark proved = No in the case 3.2.5.
Table 3.3 demonstrates the convergence rates for (Pk(T ), Pk(e), [Pk+1(T )]
2) with
a stabilizer of different j on rectangular mesh.
Table 3.3
Element (Pk(T ), Pk(e), [Pk+1(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) [Pk+1(T )]
2 j r1 r2 Proved
3.3.1 −1 0 0 No
3.3.2 0 1 1 No
3.3.3 P0(T ) P0(e) [P1(T )]
2 1 2 2 No
3.3.4 ∞ 2 2 No
3.3.5 −1 1 2 No
3.3.6 0 2 3 No
3.3.7 P1(T ) P1(e) [P2(T )]
2 1 3 4 No
3.3.8 ∞ 3 4 Yes
3.3.9 −1 2 3 No
3.3.10 0 3 4 No
3.3.11 P2(T ) P2(e) [P3(T )]
2 1 4 5 No
3.3.12 ∞ 4 5 Yes
Table 3.4 demonstrates the convergence rates for (Pk(T ), Pk(e), [Pk+2(T )]
2) with
a stabilizer of different j on rectangular mesh.
Table 3.4
Element (Pk(T ), Pk(e), [Pk+2(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) [Pk+2(T )]
2 j r1 r2 Proved
3.4.1 −1 0 0 No
3.4.2 0 0 0 No
3.4.3 P0(T ) P0(e) [P2(T )]
2 1 0 0 No
3.4.4 ∞ 0 0 No
3.4.5 −1 1 2 No
3.4.6 0 1 2 No
3.4.7 P1(T ) P1(e) [P3(T )]
2 1 1 2 No
3.4.8 ∞ 1 2 Yes
3.4.9 −1 2 3 No
3.4.10 0 2 3 No
3.4.11 P2(T ) P2(e) [P4(T )]
2 1 2 3 No
3.4.12 ∞ 2 3 Yes
Remark 3. For the Pk(T )− Pk(e) element, Tables 3.1-3.4 demonstrate that the
performance of the WG solutions are getting better when the degree of the polynomi-
als for weak gradient is increasing from k − 1 to k + 1. Specially the WG element
(Pk(T ), Pk(e), [Pk+1(T )]
2) shows order two supercloseness in Table 3.3. However, for
the element (Pk(T ), Pk(e), [Pk+2(T )]
2, the numerical tests in Table 3.4 show the con-
vergence rate of the WG solution decreasing. Remember that increasing m in [Pm(T )]
2
6for weak gradient does not introduce additional degrees of freedom for the resulting lin-
ear systems.
Table 3.5 demonstrates the convergence rates for (Pk(T ), Pk(e), RTk(T )) with a
stabilizer of different j on rectangular mesh.
Table 3.5
Element (Pk(T ), Pk(e), RTk(T )) on rectangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) RTk(T ) j r1 r2 Proved
3.5.1 −1 0 0 No
3.5.2 0 1 1 No
3.5.3 P0(T ) P0(e) RT0(T ) 1 2 2 No
3.5.4 ∞ 2 2 No
3.5.5 −1 1 2 No
3.5.6 0 1.5 2 No
3.5.7 P1(T ) P1(e) RT1(T ) 1 1 1 No
3.5.8 ∞ 1 1 No
3.5.9 −1 2 3 No
3.5.10 0 2.5 3 No
3.5.11 P2(T ) P2(e) RT2(T ) 1 2 2 No
3.5.12 ∞ 2 2 No
4. The WG elements for ℓ = s on triangular mesh. The triangular meshes
used in the computation are displayed in Figure 4.1.
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Fig. 4.1. The first three level triangular meshes.
Table 4.1 demonstrates the convergence rates for (Pk(T ), Pk(e), [Pk−1(T )]
2) with
a stabilizer of different j on triangular mesh.
7Table 4.1
Element (Pk(T ), Pk(e), [Pk−1(T )]
2) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) [Pk−1(T )]
2 j r1 r2 Proved
4.1.1 −1 1 2 Yes
4.1.2 0 0.5 1 No
4.1.3 P1(T ) P1(e) [P0(T )]
2 1 0 0 No
4.1.4 ∞ −∞ −∞ No
4.1.5 −1 2 3 Yes
4.1.6 0 1.5 2 No
4.1.7 P2(T ) P2(e) [P1(T )]
2 1 1 1 No
4.1.8 ∞ −∞ −∞ No
4.1.9 −1 3 4 Yes
4.1.10 0 2.5 3 No
4.1.11 P3(T ) P3(e) [P2(T )]
2 1 2 2 No
4.1.12 ∞ −∞ −∞ No
Table 4.2 demonstrates the convergence rates for (Pk(T ), Pk(e), [Pk(T )]
2) with a
stabilizer of different j on triangular mesh.
Table 4.2
Element (Pk(T ), Pk(e), [Pk(T )]
2) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) [Pk(T )]
2 j r1 r2 Proved
4.2.1 −1 0 0 No
4.2.2 0 0.5 1 No
4.2.3 P0(T ) P0(e) [P0(T )]
2 1 0 0 No
4.2.4 ∞ −∞ −∞ No
4.2.5 −1 1 2 No
4.2.6 0 1.5 2 No
4.2.7 P1(T ) P1(e) [P1(T )]
2 1 1 1 No
4.2.8 ∞ −∞ −∞ No
4.2.9 −1 2 3 No
4.2.10 0 2.5 3 No
4.2.11 P2(T ) P2(e) [P2(T )]
2 1 2 2 No
4.2.12 ∞ −∞ −∞ No
Table 4.3 demonstrates the convergence rates for (Pk(T ), Pk(e), [Pk+1(T )]
2) with
a stabilizer of different j on triangular mesh.
8Table 4.3
Element (Pk(T ), Pk(e), [Pk+1(T )]
2) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) [Pk+1(T )]
2 j r1 r2 Proved
4.3.1 −1 0 0 No
4.3.2 0 0 0 No
4.3.3 P0(T ) P0(e) [P1(T )]
2 1 0 0 No
4.3.4 ∞ 0 0 No
4.3.5 −1 1 2 No
4.3.6 0 1 2 No
4.3.7 P1(T ) P1(e) [P2(T )]
2 1 1 2 No
4.3.8 ∞ 1 2 Yes
4.3.9 −1 2 3 No
4.3.10 0 2 3 No
4.3.11 P2(T ) P2(e) [P3(T )]
2 1 2 3 No
4.3.12 ∞ 2 3 Yes
Remark 4. The WG element (Pk(T ), Pk(e), [Pk+1(T )]
2) performs much better
on rectangular meshes than triangular meshes.
Table 4.4 demonstrates the convergence rates for (Pk(T ), Pk(e), RTk(T )) with a
stabilizer of different j on triangular mesh.
Table 4.4
Element (Pk(T ), Pk(e), RTk(T )) on triangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk(e) RTk(T ) j r1 r2 Proved
4.4.1 −1 0 0 No
4.4.2 0 1 1 No
4.4.3 P0(T ) P0(e) RT0(T ) 1 1 2 No
4.4.4 ∞ 1 2 Yes
4.4.5 −1 1 2 No
4.4.6 0 2 3 No
4.4.7 P1(T ) P1(e) RT1(T ) 1 2 3 No
4.4.8 ∞ 2 3 Yes
4.4.9 −1 2 3 No
4.4.10 0 3 4 No
4.4.11 P2(T ) P2(e) RT2(T ) 1 3 4 No
4.4.12 ∞ 3 4 Yes
5. The WG elements with ℓ < s on rectangular mesh. The following table
demonstrates the convergence rates for (Pk(T ), Pk+1(e), [Pk−1(T )]
2) with a stabilizer
of different j on rectangular mesh.
9Table 5.1
Element (Pk(T ), Pk+1(e), [Pk−1(T )]
2) on rectangular mesh, ||| · ||| = O(hr1 ) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk−1(T )]
d j r1 r2 Proved
5.1.1 −1 1 2 No
5.1.2 0 0.5 1 No
5.1.3 P1(T ) P2(e) [P0(T )]
2 1 0 0 No
5.1.4 ∞ −∞ −∞ No
5.1.5 −1 2 3 No
5.1.6 0 1.5 2 No
5.1.7 P2(T ) P3(e) [P1(T )]
2 1 1 1 No
5.1.8 ∞ −∞ −∞ No
5.1.9 −1 3 4 No
5.1.10 0 2.5 3 No
5.1.11 P3(T ) P4(e) [P2(T )]
2 1 2 2 No
5.1.12 ∞ −∞ −∞ No
The following table demonstrates the convergence rates for (Pk(T ), Pk+1(e), [Pk(T )]
2)
with a stabilizer of different j on rectangular mesh.
Table 5.2
Element (Pk(T ), Pk+1(e), [Pk(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk(T )]
2 j r1 r2 Proved
5.2.1 −1 0 0 No
5.2.2 0 0.5 1 No
5.2.3 P0(T ) P1(e) [P0(T )]
2 1 0 0 No
5.2.4 ∞ −∞ −∞ No
5.2.5 −1 1 2 No
5.2.6 0 1.5 2 No
5.2.7 P1(T ) P2(e) [P1(T )]
2 1 1 1 No
5.2.8 ∞ −∞ −∞ No
5.2.9 −1 2 3 No
5.2.10 0 2.5 3 No
5.2.11 P2(T ) P3(e) [P2(T )]
2 1 2 2 No
5.2.12 ∞ −∞ −∞ No
Table 5.3 demonstrates the convergence rates for (Pk(T ), Pk+1(e), [Pk+1(T )]
2)
with a stabilizer of different j on rectangular mesh.
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Table 5.3
Element (Pk(T ), Pk+1(e), [Pk+1(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk+1(T )]
2 j r1 r2 Proved
5.3.1 −1 0 0 No
5.3.2 0 0.5 1 No
5.3.3 P0(T ) P1(e) [P1(T )]
2 1 1 2 No
5.3.4 ∞ 1 2 No
5.3.5 −1 1 2 No
5.3.6 0 1.5 3 No
5.3.7 P1(T ) P2(e) [P2(T )]
2 1 2 4 No
5.3.8 ∞ 2 4 No
5.3.9 −1 2 3 No
5.3.10 0 2.5 4 No
5.3.11 P2(T ) P3(e) [P3(T )]
2 1 3 5 No
5.3.12 ∞ 3 5 No
Table 5.4 demonstrates the convergence rates for (Pk(T ), Pk+1(e), [Pk+2(T )]
2)
with a stabilizer of different j on rectangular mesh.
Table 5.4
Element (Pk(T ), Pk+1(e), [Pk+2(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk+2(T )]
2 j r1 r2 Proved
5.4.1 −1 0 0 No
5.4.2 0 0 0 No
5.4.3 P0(T ) P1(e) [P2(T )]
2 1 0 0 No
5.4.4 ∞ 0 0 No
5.4.5 −1 1 2 No
5.4.6 0 1 2 No
5.4.7 P1(T ) P2(e) [P3(T )]
2 1 1 2 No
5.4.8 ∞ 1 2 No
5.4.9 −1 2 3 No
5.4.10 0 2 3 No
5.4.11 P2(T ) P3(e) [P4(T )]
2 1 2 3 No
5.4.12 ∞ 2 3 No
Remark 5. The WG element (Pk(T ), Pk+1(e), [Pk+1(T )]
2) performs better than
WG element (Pk(T ), Pk+1(e), [Pk+2(T )]
2) although the later element uses higher de-
gree polynomials for weak gradient.
Table 5.5 demonstrates the convergence rates for (Pk(T ), Pk+1(e), RTk(T )) with
a stabilizer of different j on rectangular mesh.
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Table 5.5
Element (Pk(T ), Pk+1(e), RTk(T )) on rectangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) RTk(T ) j r1 r2 Proved
5.5.1 −1 0 0 No
5.5.2 0 0.5 1 No
5.5.3 P0(T ) P1(e) RT0(T ) 1 1 2 No
5.5.4 ∞ 2 2 No
5.5.5 −1 1 2 No
5.5.6 0 1.5 2 No
5.5.7 P1(T ) P2(e) RT1(T ) 1 1 1 No
5.5.8 ∞ −∞ −∞ No
5.5.9 −1 2 3 No
5.5.10 0 2.5 3 No
5.5.11 P2(T ) P3(e) RT2(T ) 1 2 2 No
5.5.12 ∞ −∞ −∞ No
Table 5.6 demonstrates the convergence rates for (Pk(T ), Pk+1(e), RTk+1(T )) with
a stabilizer of different j on rectangular mesh.
Table 5.6
Element (Pk(T ), Pk+1(e), RTk+1(T )) on rectangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) RTk+1(T ) j r1 r2 Proved
5.6.1 −1 0 0 No
5.6.2 0 0 1 No
5.6.3 P0(T ) P1(e) RT1(T ) 1 0 2 No
5.6.4 ∞ 0 2 No
5.6.5 −1 1 2 No
5.6.6 0 1 2 No
5.6.7 P1(T ) P2(e) RT2(T ) 1 1 2 No
5.6.8 ∞ 1 2 No
5.6.9 −1 2 4 No
5.6.10 0 2 4 No
5.6.11 P2(T ) P3(e) RT3(T ) 1 2 4 No
5.6.12 ∞ 2 4 No
6. The WG elements for ℓ < s on triangular mesh. Table 6.1 demonstrates
the convergence rates for (Pk(T ), Pk+1(e), [Pk−1(T )]
2) with a stabilizer of different j
on triangular mesh.
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Table 6.1
Element (Pk(T ), Pk+1(e), [Pk−1(T )]
2) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk−1(T )]
2 j r1 r2 Proved
6.1.1 −1 1 2 No
6.1.2 0 0.5 1 No
6.1.3 P1(T ) P2(e) [P0(T )]
2 1 0 0 No
6.1.4 ∞ −∞ −∞ No
6.1.5 −1 2 3 No
6.1.6 0 1.5 2 No
6.1.7 P2(T ) P3(e) [P1(T )]
2 1 1 1 No
6.1.8 ∞ −∞ −∞ No
6.1.9 −1 3 4 No
6.1.10 0 2.5 3 No
6.1.11 P3(T ) P4(e) [P2(T )]
2 1 2 2 No
6.1.12 ∞ −∞ −∞ No
Table 6.2 demonstrates the convergence rates for (Pk(T ), Pk+1(e), [Pk(T )]
2) with
a stabilizer of different j on triangular mesh.
Table 6.2
Element (Pk(T ), Pk+1(e), [Pk(T )]
2) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk(T )]
2 j r1 r2 Proved
6.2.1 −1 0 0 No
6.2.2 0 0.5 1 No
6.2.3 P0(T ) P1(e) [P0(T )]
2 1 0 0 No
6.2.4 ∞ −∞ −∞ No
6.2.5 −1 1 2 No
6.2.6 0 1.5 2 No
6.2.7 P1(T ) P2(e) [P1(T )]
2 1 1 1 No
6.2.8 ∞ −∞ −∞ No
6.2.9 −1 2 3 No
6.2.10 0 2.5 3 No
6.2.11 P2(T ) P3(e) [P2(T )]
2 1 2 2 No
6.2.12 ∞ −∞ −∞ No
Table 6.3 demonstrates the convergence rates for (Pk(T ), Pk+1(e), [Pk+1(T )]
2)
with a stabilizer of different j on triangular mesh.
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Table 6.3
Element (Pk(T ), Pk+1(e), [Pk+1(T )]
2) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk+1(T )]
2 j r1 r2 Proved
6.3.1 −1 0 0 No
6.3.2 0 1 1 No
6.3.3 P0(T ) P1(e) [P1(T )]
2 1 2 2 No
6.3.4 ∞ 2 2 Yes
6.3.5 −1 1 2 No
6.3.6 0 2 3 No
6.3.7 P1(T ) P2(e) [P2(T )]
2 1 3 4 No
6.3.8 ∞ 3 4 Yes
6.3.9 −1 2 3 No
6.3.10 0 3 4 No
6.3.11 P2(T ) P3(e) [P3(T )]
2 1 4 5 No
6.3.12 ∞ 4 5 Yes
Remark 6. The WG element (Pk(T ), Pk+1(e), [Pk+1(T )]
2) has order two super-
closeness on triangular mesh.
Table 6.4 demonstrates the convergence rates for (Pk(T ), Pk+1(e), [Pk+2(T )]
2)
with a stabilizer of different j on triangular mesh.
Table 6.4
Element (Pk(T ), Pk+1(e), [Pk+2(T )]
2) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) [Pk+2(T )]
2 j r1 r2 Proved
6.4.1 −1 0 0 No
6.4.2 0 0 0 No
6.4.3 P0(T ) P1(e) [P2(T )]
2 1 0 0 No
6.4.4 ∞ 0 0 No
6.4.5 −1 1 2 No
6.4.6 0 1 2 No
6.4.7 P1(T ) P2(e) [P3(T )]
2 1 1 2 No
6.4.8 ∞ 1 2 No
6.4.9 −1 2 3 No
6.4.10 0 2 3 No
6.4.11 P2(T ) P3(e) [P4(T )]
2 1 2 3 No
6.4.12 ∞ 2 3 No
Table 6.5 demonstrates the convergence rates for (Pk(T ), Pk+1(e), RTk(T )) with
a stabilizer of different j on triangular mesh.
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Table 6.5
Element (Pk(T ), Pk+1(e), RTk(T )) on triangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) RTk(T ) j r1 r2 Proved
6.5.1 −1 0 0 No
6.5.2 0 0.5 1 No
6.5.3 P0(T ) P1(e) RT0(T ) 1 1 2 No
6.5.4 ∞ 1 2 No
6.5.5 −1 1 2 No
6.5.6 0 1.5 3 No
6.5.7 P1(T ) P2(e) RT1(T ) 1 2 3 No
6.5.8 ∞ −∞ −∞ No
6.5.9 −1 2 3 No
6.5.10 0 2.5 4 No
6.5.11 P2(T ) P3(e) RT2(T ) 1 3 4 No
6.5.12 ∞ −∞ −∞ No
Table 6.6 demonstrates the convergence rates for (Pk(T ), Pk+1(e), RTk+1(T )) with
a stabilizer of different j on triangular mesh.
Table 6.6
Element (Pk(T ), Pk+1(e), RTk+1(T )) on triangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk+1(e) RTk+1(T ) j r1 r2 Proved
6.6.1 −1 0 0 No
6.6.2 0 0 0 No
6.6.3 P0(T ) P1(e) RT1(T ) 1 0 0 No
6.6.4 ∞ 0 0 No
6.6.5 −1 1 2 No
6.6.6 0 1 2 No
6.6.7 P1(T ) P2(e) RT2(T ) 1 1 2 No
6.6.8 ∞ 1 2 No
6.6.9 −1 2 3 No
6.6.10 0 2 3 No
6.6.11 P2(T ) P3(e) RT3(T ) 1 2 3 No
6.6.12 ∞ 2 3 No
7. The WG elements for ℓ > s on rectangular mesh. Table 7.1 demon-
strates the convergence rates for (Pk(T ), Pk−1(e), [Pk−1(T )]
2) with a stabilizer of dif-
ferent j on rectangular mesh.
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Table 7.1
Element (Pk(T ), Pk−1(e), [Pk−1(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) [Pk−1(T )]
d j r1 r2 Proved
7.1.1 −1 1 2 Yes
7.1.2 0 0.5 1 No
7.1.3 P1(T ) P0(e) [P0(T )]
2 1 0 0 No
7.1.4 ∞ −∞ −∞ No
7.1.5 −1 2 3 Yes
7.1.6 0 1.5 2 No
7.1.7 P2(T ) P1(e) [P1(T )]
2 1 1 1 No
7.1.8 ∞ −∞ −∞ No
7.1.9 −1 3 4 Yes
7.1.10 0 2.5 3 No
7.1.11 P3(T ) P2(e) [P2(T )]
2 1 2 2 No
7.1.12 ∞ −∞ −∞ No
Table 7.2 demonstrates the convergence rates for (Pk(T ), Pk−1(e), [Pk(T )]
2) with
a stabilizer of different j on rectangular mesh.
Table 7.2
Element (Pk(T ), Pk−1(e), [Pk(T )]
2) on rectangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) [Pk(T )]
d j r1 r2 Proved
7.2.1 −1 1 2 No
7.2.2 0 1.5 2 No
7.2.3 P1(T ) P0(e) [P1(T )]
2 1 1 1 No
7.2.4 ∞ −∞ −∞ No
7.2.5 −1 2 3 No
7.2.6 0 2.5 3 No
7.2.7 P2(T ) P1(e) [P2(T )]
2 1 2 2 No
7.2.8 ∞ −∞ −∞ No
7.2.9 −1 3 4 No
7.2.10 0 3.5 4 No
7.2.11 P3(T ) P2(e) [P3(T )]
2 1 3 3 No
7.2.12 ∞ −∞ −∞ No
Remark 7. The WG element 7.2.1 achieves optimal convergence rates on trian-
gular mesh while Theorem 4.9 in [16] predict only suboptimal convergence rate.
Table 7.3 demonstrates the convergence rates for (Pk(T ), Pk−1(e), [Pk+1(T )]
2)
with a stabilizer of different j on rectangular mesh.
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Table 7.3
Element (Pk(T ), Pk−1(e), [Pk+1(T )]
2) on rectangular mesh, ||| · ||| = O(hr1 ) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) [Pk+1(T )]
d j r1 r2 Proved
7.3.1 −1 0 0 No
7.3.2 0 0 0 No
7.3.3 P1(T ) P0(e) [P2(T )]
2 1 0 0 No
7.3.4 ∞ 0 0 No
7.3.5 −1 1 2 No
7.3.6 0 1 2 No
7.3.7 P2(T ) P1(e) [P3(T )]
2 1 1 2 No
7.3.8 ∞ 1 2 No
7.3.9 −1 2 3 No
7.3.10 0 2 3 No
7.3.11 P3(T ) P2(e) [P4(T )]
2 1 2 3 No
7.3.12 ∞ 2 3 No
Remark 8. The numerical results in Table 7.3 show that the WG element
(Pk(T ), Pk−1(e), [Pk+1(T )]
2) has suboptimal convergence rates on rectangular mesh.
A new stabilizer free WG method is proposed in [22] for the element (Pk(T ), Pk−1(e),
[Pk+1(T )]
2) with optimal convergence rate, on general polygonal meshes.
Table 7.4 demonstrates the convergence rates for (Pk(T ), Pk−1(e), RTk−1(T )) with
a stabilizer of different j on rectangular mesh.
Table 7.4
Element (Pk(T ), Pk−1(e), RTk−1(T )) on rectangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) RTk−1(T ) j r1 r2 Proved
7.4.1 −1 1 2 No
7.4.2 0 1.5 2 No
7.4.3 P1(T ) P0(e) RT0(T ) 1 1 1 No
7.4.4 ∞ −∞ −∞ No
7.4.5 −1 2 3 No
7.4.6 0 1.5 2 No
7.4.7 P2(T ) P1(e) RT1(T ) 1 1 1 No
7.4.8 ∞ −∞ −∞ No
7.4.9 −1 3 4 No
7.4.10 0 2.5 3 No
7.4.11 P3(T ) P2(e) RT2(T ) 1 2 2 No
7.4.12 ∞ −∞ −∞ No
Table 7.5 demonstrates the convergence rates for (Pk(T ), Pk−1(e), RTk(T )) with
a stabilizer of different j on rectangular mesh.
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Table 7.5
Element (Pk(T ), Pk−1(e), RTk(T )) on rectangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) RTk(T ) j r1 r2 Proved
7.5.1 −1 0 0 No
7.5.2 0 0 1 No
7.5.3 P1(T ) P0(e) RT1(T ) 1 0 1 No
7.5.4 ∞ 0 1 No
7.5.5 −1 1 2 No
7.5.6 0 1 2 No
7.5.7 P2(T ) P1(e) RT2(T ) 1 1 2 No
7.5.8 ∞ 1 2 No
7.5.9 −1 2 3 No
7.5.10 0 2 3 No
7.5.11 P3(T ) P2(e) RT3(T ) 1 2 3 No
7.5.12 ∞ 2 3 No
8. The WG elements for ℓ > s on triangular mesh. Table 8.1 demonstrates
the convergence rates for (Pk(T ), Pk−1(e), [Pk−1(T )]
2) with a stabilizer of different j
on triangular mesh.
Table 8.1
Element (Pk(T ), Pk−1(e), [Pk−1(T )) on triangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) [Pk−1(T )]
2 j r1 r2 Proved
8.1.1 −1 1 2 Yes
8.1.2 0 0.5 1 No
8.1.3 P1(T ) P0(e) [P0(T )]
2 1 0 0 No
8.1.4 ∞ −∞ −∞ No
8.1.5 −1 2 3 Yes
8.1.6 0 1.5 2 No
8.1.7 P2(T ) P1(e) [P1(T )]
2 1 1 1 No
8.1.8 ∞ −∞ −∞ No
8.1.9 −1 3 4 Yes
8.1.10 0 2.5 3 No
8.1.11 P3(T ) P2(e) [P2(T )]
2 1 2 2 No
8.1.12 ∞ −∞ −∞ No
Table 8.2 demonstrates the convergence rates for (Pk(T ), Pk−1(e), [Pk(T )]
2) with
a stabilizer of different j on triangular mesh.
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Table 8.2
Element ((Pk(T ), Pk−1(e), [Pk(T )]
2)) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) [Pk(T )]
2 j r1 r2 Proved
8.2.1 −1 0 0 No
8.2.2 0 0 0 No
8.2.3 P1(T ) P0(e) [P1(T )]
2 1 0 0 No
8.2.4 ∞ −∞ −∞ No
8.2.5 −1 1 2 No
8.2.6 0 1 2 No
8.2.7 P2(T ) P1(e) [P2(T )]
2 1 1 2 No
8.2.8 ∞ −∞ −∞ No
8.2.9 −1 2 3 No
8.2.10 0 2 3 No
8.2.11 P3(T ) P2(e) [P3(T )]
2 1 2 3 No
8.2.12 ∞ −∞ −∞ No
Remark 9. The WG element (Pk(T ), Pk−1(e), [Pk(T )]
2) performs better on rect-
angular mesh than on triangular mesh.
Table 8.3 demonstrates the convergence rates for (Pk(T ), Pk−1(e), [Pk+1(T )]
2)
with a stabilizer of different j on triangular mesh.
Table 8.3
Element ((Pk(T ), Pk−1(e), [Pk+1(T )]
2)) on triangular mesh, ||| · ||| = O(hr1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) [Pk+1(T )]
2 j r1 r2 Proved
8.3.1 −1 0 0 No
8.3.2 0 0 0 No
8.3.3 P1(T ) P0(e) [P2(T )]
2 1 0 0 No
8.3.4 ∞ 0 0 No
8.3.5 −1 1 2 No
8.3.6 0 1 2 No
8.3.7 P2(T ) P1(e) [P3(T )]
2 1 1 2 No
8.3.8 ∞ 1 2 No
8.3.9 −1 2 3 No
8.3.10 0 2 3 No
8.3.11 P3(T ) P2(e) [P4(T )]
2 1 2 3 No
8.3.12 ∞ 2 3 No
Table 8.4 demonstrates the convergence rates for (Pk(T ), Pk−1(e), RTk−1(T )) with
a stabilizer of different j on triangular mesh.
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Table 8.4
Element (Pk(T ), Pk−1(e), RTk−1(T )) on triangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) RTk−1(T ) j r1 r2 Proved
8.4.1 −1 1 2 No
8.4.2 0 1 2 No
8.4.3 P1(T ) P0(e) RT0(T ) 1 1 1 No
8.4.4 ∞ −∞ −∞ No
8.4.5 −1 2 3 No
8.4.6 0 2 3 No
8.4.7 P2(T ) P1(e) RT1(T ) 1 2 2 No
8.4.8 ∞ −∞ −∞ No
8.4.9 −1 3 4 No
8.4.10 0 3 4 No
8.4.11 P3(T ) P2(e) RT2(T ) 1 3 3 No
8.4.12 ∞ −∞ −∞ No
Table 8.5 demonstrates the convergence rates for (Pk(T ), Pk−1(e), RTk(T )) with
a stabilizer of different j on triangular mesh.
Table 8.5
Element (Pk(T ), Pk−1(e), RTk(T )) on triangular mesh, ||| · ||| = O(h
r1) and ‖ · ‖ = O(hr2).
element Pk(T ) Pk−1(e) RTk(T ) j r1 r2 Proved
8.5.1 −1 0 0 No
8.5.2 0 0 0 No
8.5.3 P1(T ) P0(e) RT1(T ) 1 0 0 No
8.5.4 ∞ 0 0 No
8.5.5 −1 1 2 No
8.5.6 0 1 2 No
8.5.7 P2(T ) P1(e) RT2(T ) 1 1 2 No
8.5.8 ∞ 1 2 No
8.5.9 −1 2 3 No
8.5.10 0 2 3 No
8.5.11 P3(T ) P2(e) RT3(T ) 1 2 3 No
8.5.12 ∞ 2 3 No
REFERENCES
[1] A. Al-Taweel and X. Wang, A note on the optimal degree of the weak gradient of the stabilizer
free weak Galerkin finite element method, Applied Numerical Mathematics, 150 )20220),
444-451.
[2] A. Al-Taweel, X. Wang, X. Ye and S. Zhang, A stabilizer free weak Galerkin element method
with supercloseness of order two, priprint.
[3] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Elements, Springer-Verlag, New York, 1991.
[4] M. Cui and S. Zhang, On the uniform convergence of the weak Galerkin finite element method
for a singularly-perturbed biharmonic equation, J. Sci. Comput. 82 (2020), no. 1, Paper
No. 5, 15 pp.
[5] X. Hu, L. Mu and X. Ye, A weak Galerkin finite element method for the Navier-Stokes equations
on polytopal meshes, J. of Computational and Applied Mathematics, 362 (2019), 614-625.
[6] R. Lin, X. Ye, S. Zhang and P. Zhu, A weak Galerkin finite element method for singularly
perturbed convection-diffusion-reaction problems, SINUM, 56 (2018) 1482-1497.
20
[7] G. Lin, J. Liu, L.Mu and X. Ye, weak Galerkin finite element methods for Darcy flow:
Anisotropy and heterogeneity, J. Comput. Phy. 276 (2014), 422-437.
[8] L. Mu, J. Wang and X. Ye, weak Galerkin finite element method for the Helmholtz equation
with large wave number on polytopal meshes, IMA J. Numer. Anal. 35 (2015), 1228-1255.
[9] L. Mu, J. Wang, and X. Ye, A stable numerical algorithm for the Brinkman equations by weak
Galerkin finite element methods, J. of Computational Physics, 273 (2014), 327-342.
[10] L. Mu, J. Wang and X. Ye, A weak Galerkin finite element method for biharmonic equations
on polytopal meshes, Numer. Meth. Partial Diff. Eq. 30 (2014), 1003-1029.
[11] L. Mu, J. Wang and X. Ye, Weak Galerkin finite element method for second-order elliptic
problems on polytopal meshes, Int. J. Numer. Anal. Model. 12 (2015) 31-53.
[12] L. Mu, J. Wang, X. Ye and S. Zhang, A weak Galerkin finite element method for the Maxwell
equations, J. Sci. Comput. 65 (2015), 363-386.
[13] L. Mu, J. Wang, X. Ye and S. Zhao, A new weak Galerkin finite element method for elliptic
interface problems, J. Comput. Phy. 325 (2016), 157-173.
[14] S. Shields, J. Li and E.A. Machorro, Weak Galerkin methods for time-dependent Maxwell’s
equations, Comput. Math. Appl. 74 (2017) 2106-2124.
[15] C. Wang and J. Wang, Discretization of divcurl systems by weak Galerkin finite element meth-
ods on polyhedral partitions, J. Sci. Comput. 68 (2016) 1144-1171.
[16] J. Wang, R. Wang, Q. Zhai and R. Zhang, A systematic study on weak Galerkin finite element
methods for second order elliptic problems, J. Sci. Comput., 74 (2018), 1369-1396.
[17] J. Wang and X. Ye, A weak Galerkin finite element method for second-order elliptic problems.
J. Comput. Appl. Math. 241 (2013), 103-115.
[18] J. Wang and X. Ye, A Weak Galerkin mixed finite element method for second-order elliptic
problems, Math. Comp., 83 (2014), 2101-2126.
[19] J. Wang and X. Ye, A weak Galerkin finite element method for the Stokes equations, Adv. in
Comput. Math. 42 (2016) 155-174.
[20] X. Ye and S. Zhang, A stabilizer-free weak Galerkin finite element method on polytopal meshes,
J. Comput. Appl. Math., 372 (2020), 112699, arXiv:1906.06634.
[21] X. Ye, S. Zhang and Y. Zhu, Stabilizer-free weak Galerkin methods for monotone quasilinear el-
liptic PDEs, Results in Applied Mathematics, https://doi.org/10.1016/j.rinam.2020.100097
[22] X. Ye and S. Zhang, A new weak gradient for the stabilizer-free weak Galerkin finite element
method on polytopal meshes, preprint.
